Fast radio bursts (FRBs) are bright, short-duration radio transients with very high brightness temperatures implying highly coherent emission. We suggest that the FRBs are caused by the self-focusing of an electron beam interacting with an ambient plasma right beyond the light cylinder radius of a neutron star. The magnetic field at the light cylinder radius is relatively high which can accommodate both young Crab-like systems and old millisecond pulsars addressing the diverse environments of FRBs. At the first stage, the intense pulsed-beam passing through the background plasma causes instabilities such that the trapped particles in local Buneman-type cavitons saturate the local field. The beam is then radially self-focused due to the circular electric field developed by the two-stream instability which leads to Weibel instability in the transverse direction. Finally, the non-linear saturation of the Weibel instability results in the self-modulational formation of solitons due to plasmoid instability. The resonant solitary waves are the breather-type solitons hosting relativistic particles with self-excited oscillations. The analytical solutions obtained for non-linear dispersion and solitons suggest that, near the current sheets, the relativistic bunches are accelerated/amplified by klystron-like structures due to self-excited oscillations by the induced local electric field. Boosted coherent radio emission propagates through a narrow cone with strong focusing due to radial electric field and magnetic pinching. The non-linear evolution of solitons and the stimulated emission are associated with the Buneman instability and the possibility of the presence of nanosecond shots in FRBs are investigated.
INTRODUCTION
Fast radio bursts (FRBs) are bright (∼ 0.1 − 1 Jy) radio transients of duration ∼ 0.1 − 10 ms with very high brightness temperatures implying highly coherent emission (Lorimer et al. 2007 ; Thornton et al. 2013) . Their dispersion measures (DM) being in excess of the Galactic contribution (Cordes & Lazio 2002) , their isotropic distribution in the sky (Champion et al. 2016 ) as well as their recent localisation (Chatterjee et al. 2017; Bannister et al. 2019; Ravi et al. 2019) suggest they are cosmological sources (see Petroff et al. 2019; Cordes & Chatterjee 2019a , for reviews). To date ∼ 10 2 sources are detected at frequencies ranging between 400 MHz − 8 GHz (see Petroff et al. 2016 , for a catalog of FRBs) 1 . FRBs have isotropic equivalent luminosities as high as ∼ 10 43 erg s −1 and energies ∼ 10 40 ergs (Thornton et al. 2013) . The most remarkable property of FRBs is the coherency of their emission as implied by their very high brightness temperatures T B 10 35 K.
Several exotic models such as cosmic strings (Yu et al. 2014; Cao & Yu 2018) , collisions between neutron stars and asteroids/comets (Geng & Huang 2015; Dai et al. 2016; Smallwood et al. 2019) , mergers of charged black holes (Zhang 2016) , axion quark nugget dark matter model (Van Waerbeke & Zhitnitsky 2019), black-to-white hole transition by non-perturbative quantum gravity effects (Barrau et al. 2018 ) have been proposed as the origin of FRBs (see Platts et al. 2018 , for a catalog of theories). The detection of repeating FRB sources Scholz et al. 2016; CHIME/FRB Collaboration et al. 2019 ; The CHIME/FRB Collaboration et al. 2019; Kumar et al. 2019; Marcote et al. 2020; Fonseca et al. 2020) , the deficiency of likely cataclysmic progenitors such as neutron star mergers (Falcke & Rezzolla 2014; Most et al. 2018) in supplying the occurrence rate of the FRBs per unit volume ) and population studies (Bhattacharya et al. 2019) suggest FRBs are non-catastrophic events. The detection of faint pulses from FRB 171019 implies that most FRBs repeat, even though they are undetected due to poor localisation.
Frequency drifts in FRBs point to neutron stars magnetospheres as the likely site for the origin of FRBs (Lyutikov 2019a,b) . Two of the likely models in this category are the magnetar model (Lyutikov 2002; Popov & Postnov 2010; Keane et al. 2012; Lyubarsky 2014; Pen & Connor 2015; Katz 2016; Wang & Yu 2017; Wang et al. 2018; Wadiasingh & Timokhin 2019; Cao et al. 2017; Beloborodov 2017 Beloborodov , 2019 Maan et al. 2019) which suggests that FRBs are flares from young magnetars and the super-giant pulse model (Kulkarni et al. 2014; Cordes & Wasserman 2016; Connor et al. 2016; Popov & Pshirkov 2016; Muñoz et al. 2019) which suggests that FRBs are extreme samples of giant pulses from younger-than-Crab rotationally powered pulsars.
The giant pulse model has the following advantages over the magnetar model:
(i) No radio emission was detected from SGR 1806-20 when it showed the magnetar giant flare (Tendulkar et al. 2016 );
(ii) No FRBs were detected from the six gamma-ray burst remnants with possible magnetar engines (Men et al. 2019) . The lack of high energy emission from FRBs is consistent with the lack of any enhancement in the high energy emission of Crab pulsar during giant pulses (Lundgren et al. 1995; Aliu et al. 2012; Bilous et al. 2012; Mickaliger et al. 2012; Hitomi Collaboration et al. 2018; MAGIC Collaboration et al. 2019) . Detection of high energy emission contemporaneous with an FRB would strongly favour the magnetar model.
(iii) FRB 180814 (CHIME/FRB Collaboration et al. 2019) appears to show a 13 ms period Muñoz et al. (2019) within its subpulses which implies that FRB 180814 host a rotationally powered pulsar.
(iv) The pulse-energy distribution of the repeating FRB121102 (Spitler et al. 2014 , is well described by a power law with index α = −2.8 ± 0.3 (Gourdji et al. 2019) , well in agreement with what Bera & Chengalur (2019) find for the Crab giant pulses (see also Argyle & Gower 1972; Majid et al. 2011; Mickaliger et al. 2012) . Actually, this is not a very strong argument as the powerlaw nature of the amplitude distribution of bursts can be explained also by the magnetar model (Wang & Yu 2017) .
(v) FRBs are localized to both star forming (high-metallicity) galaxies and low-metallicity ones suggesting that they can have both young and old central engines. As magnetars are preferentially young objects they can not address the localisation of some FRBs to low-metallicity environments. Giant pulses, on the other hand, are observed both from Crab-like young pulsars and recycled millisecond pulsars and are thus capable of addressing occurrence of FRBs in both environments.
There are problems also with the SGP model of FRBs: The instantaneous radio efficiency of SGPs as those seen in the Crab pulsar (Cordes et al. 2004) can reach values as high as ∼ 10 −2 (Cordes & Wasserman 2016; . Although this is well above the typical radio efficiency of pulsars, ∼ 10 −5 , it is still not enough to address the cosmological distribution as implied by both the dispersion measures and the redshifts, given the SGP models are limited by the spin-down power of young neutron stars. Indeed the SGP model initially was proposed as an extra-galactic but non-cosmological explanation for FRBs (Cordes & Wasserman 2016; Lyutikov & Lorimer 2016) . Soon after the localisation of the repeating FRBs at ∼ 1 Gpc, Lyutikov (2017) argued that the measured cosmological distances exclude SGP model as the origin of FRBs (see also Meyers et al. 2017 ). Yet another well known issue is why more of the FRBs are not discovered from nearby galaxies but cosmological distances.
Note that FRBs must be emitted in low-density plasma as ν ∼ 1 GHz radiation cannot propagate through plasma with n e ∼ 10 10 cm −3 . This introduces another limitation for the SGP model of FRBs since the central engines of FRBs, i.e. the rotationally powered pulsars, are then required to be older than 10 years, so that the supernova remnant (SNR) is transparent to GHz radio emission (Meyers et al. 2017; Bietenholz & Bartel 2019) .
Recently, Machabeli et al. (2019) proposed a non-linear optical phenomenon, so called "self-trapping" (Chiao et al. 1964) as an intrinsic ingredient to any possible model to address the rare occurrence of FRBs and the luminosities observed. In this work, we suggest that FRBs are emitted from the current sheets right beyond the light cylinder radius of neutron stars (see §2) by the self-focusing electron beams composed of relativistic bunches with self-excited oscillations. For the first time to our knowledge we suggest that these oscillations are induced by breather-type solitons within the context of the stimulated emission providing the non-linear coherent radiation. The narrow beaming of the emission allows them to be observed from much larger distances with the inferred isotropic equivalent luminosities. We propose a model of two concentric cylinders where the outer one is the relatively slow ambient plasma and the inner one is the relativistic plasma jet 2 . The observed narrower pulse width of the emission corresponds to smaller beam opening angles (Zhang 2018) . We find that FRBs consist of nanosecond shots such as seen in SGPs (Cordes et al. 2004) ; their angle of aperture thus can be as small as θ ≈ 3 × 10 −8 radians or the opening angle for the coherent emission can set the width of the beam. Our antenna-like maser emission model, proposed in the next section, is different from the maser emission models in the literature (Cordes & Chatterjee 2019b; Zhang 2018; Asseo et al. 1980; Plotnikov & Sironi 2019) in that we explain the population inversion dynamics. Finally, in § 3 we discuss the implications of our model for FRBs.
A MECHANISM FOR FRBS
It is well established that the electric fields generated by a rotating neutron star is strong enough to extract charged particles from the surface of the star (Goldreich & Julian 1969) . This forms a corotating plasma in the magnetosphere with density of the particles n GJ 7 × 10 10 B 12 /P cm −3 where B 12 is the surface magnetic field in units of 10 12 G and P = 2π/Ω is the rotation period of the pulsar (Goldreich & Julian 1969) . The corotation of the particles is not possible beyond the light cylinder radius R L 5 × 10 9 P cm and accordingly the field lines crossing R L open. The open field lines converge on the surface of the star to the polar caps with an opening angle θ p √ R/R L 0.014P −1/2 rad. The secondary electronpositron pairs created by the γ-rays (Ruderman & Sutherland 1975) are accelerated along the open field lines emitting curvature radiation.
The dipole magnetic field of the neutron star declines with the radial distance r as B = µ/r 3 where µ is the magnetic dipole moment. The magnetic field at the light cylinder radius, B L = µ/R 3 L is then
Assuming the neutron star is spinning down under magnetic dipole torques in a corotating plasma (Spitkovsky 2006 )
where I is the moment of inertia and α is the inclination angle between rotation and magnetic axis we can write µ = 1 2π
where we assumed I = 10 45 g cm 2 and α = 45 • . The magnetic field at the light cylinder radius can be high (B L ∼ 2 − 3 × 10 5 G) not only for Crab-like young neutron stars (P = 0.033 s,Ṗ = 4.2 × 10 −13 s/s) but also for millisecond pulsars (P ∼ 2 × 10 −3 s,Ṗ ∼ 10 −20 s/s) which are old systems. Giant pulses tend to originate from pulsars with strong B L (e.g. Wang et al. 2019) and are observed in millisecond pulsars as well as young Crab-like systems. The magnetar model of FRBs to date, however, can only address young systems 3 . We emphasise this point as FRBs are observed in environments of both low-metallicity and high-metallicity indicating that they originate in both old and young systems. We note also that the period of a millisecond pulsar does not change as rapidly as a younger-than-Crab pulsar which implies systems that can live longer.
Early stages of the instability
The model we propose here is motivated by the plasma-beam systems in terrestrial experiments (see Figure 1 ). Plasma-beam systems have many applications in fusion reactors, astrophysics and plasma wake-fields for accelerating electrons to higher energies. These systems initially are both charge and current naturalised. The initial charge neutralisation implies the quasi-neutral property of plasma, while current neutralisation requires at least two streaming channels. Streams are often considered to be in opposite directions, but they can be parallel with opposite signs of currents. An intense pulsed-beam propagating through an ambient plasma leads to the development of streaming instabilities. In nearly collisionless (low density) plasma, such instabilities based on kinetic behaviour of plasma, e.g. Buneman, two-stream, LHDI (lower hybrid drift instability) and Weibel, are known to cause particle trapping and acceleration in a relativistic setup (Krasovitskii 2008; Bret 2009; Chen 2016; Tokluoglu et al. 2018) . At the initial stage, in plasma excited with a beam of bunched particles, the Buneman instability develops. Galeev et al. (1981) proposed that, at the non-linear stage of the the Buneman instability, short-lived non-stationary double layers or charge-separated regions will form by pinched electron currents due to strong longitudinal magnetic fields. At the boundaries of these regions, local electrons are accelerated excessively by the high electrical potential. The charge-separated regions thus become densely populated (Galeev et al. 1981) . The trapping of the electrons by the Buneman instability leads to the growth of new instabilities, such as two-stream instability, following the non-linear saturation (Che et al. 2009 ). We require that the plasma density does not change smoothly at short distances so that the particles are decelerated and trapped in cavitons by the Buneman instability. This saturation-or other possible ones due to sustained short duration oscillations, e.g. bouncing in small trap or caviton-can be disrupted by self-excited or triggered plasma events 4 . For example, the two-stream kinetic instability occurs when there are counterstreaming plasma flows in the velocity space in the presence of radiation pressure. The two-stream instability driven plasma can create a radial electric field, similar to the ponderomotive force dynamics (caviton formation, beam focusing, wave compression) (Tokluoglu et al. 2018 ). If the two-stream instability is excited, then the self-focusing of an electron beam moving through a plasma can be observed. This radial self-focusing is similar to a beam passing through a channel in a plasma. The radius of the beam, hence, diminishes in time while the local density of the particles increases uniformly (Krasovitskii 1969) . The plasma, thus, acts as a nonlinear medium for the focusing of the trapped particles (Machabeli et al. 2019) . The efficiency of focusing increases at the relativistic regime (see § 3).
Following the two-stream instability, Weibel instability will develop in the transverse direction. Weibel-like (filamentary) instabilities are known to be the underlying cause of the transverse field growth in a plasma. The Weibel instability and the main electron acceleration are stimulated in the downstream region of electronpositron jets with plasma density perturbations leading to the formation of current filaments (Nishikawa et al. 2007 ). In the relativistic regime, the kinetic energy of these filaments is transferred to the magnetic field. The energy stored in the magnetic field is transferred partially back to the plasma particles due to saturation. The non-linear saturation developed at this stage is the origin of the induced electrostatic field which is responsible for the redistribution of particles along with the help of non-linearities, e.g. relativistic mass variation and ponderomotive force (Ghizzo 2013; Karsli et al. 2019; Farina & Bulanov 2005) .
Non-linear evolution of the solitons and population inversion
The Weibel instability is an electromagnetic instability, that arises from plasma anisotropy. The Weibel instability generates a magnetic field which is perpendicular to the direction of the anisotropy which is reduced by axial momentum transfer. In a thin current sheet, seed-X-points are generated by the Weibel instability. The inner current region decays into a "magnetic vortex street" consisting of plasmoids and seed-X points (Treumann et al. 2010; Comisso et al. 2017) . The importance of the plasmoid instability in actuating fast reconnection and fast energy transfer has recently gained attention. The plasmoid instability can be explained in terms of a tearing instability occurring in a reconnecting current sheet. This tearing process will force the inner current sheet to decay into a chain of highly dynamical magnetic islands with meso-scale plasmoids (Treumann et al. 2010; Comisso et al. 2017 ). These plasmoids can be depicted by the thin magnetic braids in the central part of the current sheet (Treumann et al. 2010; Comisso et al. 2017; Zenitani & Hesse 2008) . The plasma, when a powerful electromagnetic wave propagates within, acts as a non-linear medium. The high amplitude wave leads to the anisotropy of the medium resulting in further enhancement of the electric field and hence to the growth of the refraction index which is the origin of the non-linear dispersion (Machabeli et al. 2019) . As the plasma wave is non-linear the ponderomotive force of the plasma waves removes the background plasma. Then a local depression in density constitutes a caviton. Plasma waves trapped in this cavity then form an isolated structure called an envelope soliton (Chen 2016) .
During the rearrangement of the magnetic field topology, plasmoid instability evolves into current sheets intermittently that have Langmuir plasmons. These high-frequency plasmons can form Langmuir solitons due to modulational instability (Li & Zhang 1997; Chen 2016) . Solitons or solitary waves propagating in nonlinear dispersive media "pass-through" one another without losing their identity (Zabusky & Kruskal 1965) . Non-linear dispersion can cause compression/focusing or generation of solitons, unlike the linear case. The electrostatic fluctuations and scattering cause current disruption in the central region of the current sheet. The nonuniform current disruptions re-create the magnetic reconnection, namely merging the magnetic field lines (Arons 2011; Singh 2004) . Thus, the magnetic coalescence at X-points results in the conversion of magnetic energy to kinetic energy and particle acceleration. The fastest acceleration during magnetic reconnection occurs at the initial catastrophic X-point collapse, with the reconnection of electric fields. During the X-point collapse, particles are accelerated by charge-starved excessive electric fields resulting in immediate arc-like discharges and pinched currents due to plasmoid instability . The nature of the interaction between beam particles (bunched together) and electromagnetic field while the interaction (energy-exchange) is significantly enhanced by the relativistic regime, explains the conditions for the existence of resonant solitons in non-equilibrium plasma beam systems. The energy density of the resonant electromagnetic solitons in non-equilibrium dispersive media is preserved (Bachin & Krasovitskii 1980) .
To understand the coherent microwave emission, antennalike maser mechanism with resonant peaks (Cordes & Chatterjee 2019b; Zhang 2018; Asseo et al. 1980; Plotnikov & Sironi 2019) with non-monotonic charge distribution due to electromagnetic trapping in plasma should be considered. Assuming plasma creation is dominated by the pair production caused by high energy photons, electron and positron densities can be similar. In our model, the self-excited maser mechanism can be explained such that the inner cylinder, as the magnetic mirror/bottle bounded by circular electric fields, is surrounded by ambient plasma which has non-uniform magnetic field. Here the inner cylinder represents the sapphire cavity and the outer one represents the copper cavity in terrestrial maser setup (Breeze et al. 2018) . To grasp the coherence of the emission, klystron working principles can be summarised as follows: After the bunching of the electrons by the induced electric field, the bunches drifting by E × B, rather than the thermal one, gain more energy for a while; the high kinetic energy of the bunches is then transferred to the electromagnetic wave by magnetic coupling or reconnection (see Figure 1 ). This charge separation due to radiation pressure (longitudinal electric fields with the strong external magnetic field) causes the non-linear saturation of the field amplitude similar to kinetic instabilities, e.g. the inherited Buneman, two-stream and Weibel instabilities in the current sheets (Arons 2011; Singh 2004) .
The large amplitude electromagnetic pulses propagating in a plasma along a strong magnetic field under cyclotron resonance conditions are shown to take the form of solitons (Krasovitskii 2008, §5.5) . The auto-resonance of solitons is then developed by the acceleration of the electrons to ultra-relativistic speeds suppressing the cyclotron resonance. Consequently, the coherent emission should be concentrated in a narrow hollow cone in the vicinity of the current sheets' boundary. The cone must be hollow since the radiation is generated only near the current sheets, thus tracking the last open field lines (LOFL). The cone must be narrow because the opening angle is set by the nearly vertical directions of the LOFL above the polar caps (Zhang 2018) . The observed radio signals from pulsars are quite narrow in time. For example, the first pulsar discovered, PSR B1919+21, has a period of 1.34 s but a pulse width of only around 40 ms which translates into a beam opening angle of one-tenth of the pulsar inclination angle (Zhang 2018) .
The non-linear envelope solitons as self-modulational instability (caused by relativistic mass variation and ponderomotive dynamics) of pulsar micro-structures as proposed by Chian & Kennel (1983) are stable against longitudinal perturbations and mutual collisions. The intermittent and quasi-periodic nature of the observed pulsar micro-structures/pulses can be explained by the collection of envelope solitons with randomly fluctuating amplitudes (intermittency) or the latter (quasi-periodicity), a sequence of envelope solitons with little variation in their peak amplitudes (Chian & Kennel 1983 ). Since a two-level system is usually unstable in the presence of small electromagnetic perturbations, a coherent emission of an electromagnetic wave is indispensable due to population inversion phenomena among the levels, such as maser mechanism. Because, the ambient plasma and current sheets are free from crystal structures similar to the diamond core in terrestrial maser setup (Breeze et al. 2018) , we need to explain the population inversion mechanism in the current sheets. Buneman instability in current sheets results in bunching, magnetic reconnection, bifurcation of streams (Singh 2004) . The relativistic bunches are decelerated and trapped in cavitons as small resonators. Along with this process an electron velocity gap (the trapping width) of magnitude
is developed (Dieckmann et al. 2000; Chen 1987) . Here −e is the electron charge, E is the amplitude of electric field at which the Buneman wave traps a significant fraction of the electron population, m e is electron rest mass, k is the wave-number and ω b is the bouncing frequency. During the evolution of the Buneman instability, the motion of the particles, governed by harmonic oscillator dynamics with bouncing frequency ω b , is trapped in a travelling wave. On the other hand, the bounce-time ∝ ω −1 b for the trappedparticles is increased by the lower bouncing frequency associated with the diminished amplitude in the phase space for trapping (see Figure 1 ). For lower velocity electrons which have almost zero velocity at the boundary (separatrix) of the trapped region, the trapped fraction (n tr , trapped density divided by the electron density, n e ) of the population is given by (Dieckmann et al. 2000; Chen 1987) 
Here v p is phase velocity of the wave, and v e v p − v tr where large numbers of electrons are trapped (Dieckmann et al. 2000) . Note that, the trapped fraction is exponentially sensitive to the magnitude of the electric field which is rapidly evolving in time. The population of the trapped/low-velocity electrons which can be represented as ground state carriers is increased by the population inversion followed by the stimulated emission. After being excited by the dense-beam, this population inversion is destroyed by the highvelocity bunches accelerated at the boundary as a precursor of the two-stream instability. Thus, the field-dependent trapped fraction of the population evolves in time to provide coherent stimulated emission. By this instability, broadened/enhanced electron velocity distribution (plateau-like distribution or double-humped electron distribution (Chen 2016)) establishes the oscillations in the phase space. Finally, the population inversion is achieved repeatedly around the quasi-equilibrium point of the bunch momentum (Zheleznyakov et al. 2001 ). These cavitons are re-filled up continuously following the energy interchange between the particles and the coherent electromagnetic waves. This phenomenon of the continuous passage of plasma through the cavitons guarantees that the population inversion is kept steady (Plotnikov & Sironi 2019; Chen 2016) .
Non-linear two-level system
The resonant solitary waves in a non-linear two-level system (Krasovitskii 2008) have governing equations and solutions similar those given in Chian & Kennel (1983) (see also Leblond 2019; Sazonov 2018; Pakula 2016) . Resonant solitons are the breathertype solitons such as those observed in non-linear optical medium (Krasovitskii 2008; Leblond 2019) . The non-linear dispersion law and the shape of the envelope solitons are governed by the following non-linear equations (see Krasovitskii 2008, §5.5) :
where E and P are the electric field and polarisation vectors, c is the speed of light, ω p is the natural frequency of the medium (ambient plasma), N is the particle density and d 0 is the dipole moment of separated charges within the Debye volume filled with aligned dipoles (Machabeli et al. 2019) , and the population difference for the two levels is given by (Krasovitskiǐ & Kurilko 1965 )
(9) (see Appendix A). In the linear approximation to the governing equations, the electromagnetic waves that have harmonics at exp(iωt − ikz) (i ≡ √ −1) have the following dispersion equation:
where δ is the relativity parameter and q is the energy quantisation parameter given as
Here ω p is unit value of energy quantisation for the incident photons. The solutions of Equation 7 and Equation 8 of the form
where Φ ≡ ωt − kz and ξ ≡ ω p (z − ut) were found by (Krasovitskiǐ & Kurilko 1965) . Here u is the wave velocity. After substituting the equation above into Equation 7 and Equation 8 (see Krasovitskii 2008, for details) one obtains coupled non-linear differential equations with coefficients satisfying the following conditions q 2 1, |δ| 1,
for the existence of the soliton. Note that as the number of cycles per oscillatory peak amplitude increases, attained at the limit of q 2 /δ 2 → 1, the solitary wave complies better with the quasi-periodic structures observed in micro-pulses of giant pulses (Cordes 1979 ). On the other hand, δ → 0 should be satisfied for the matched resonance and steady population inversion as well (Krasovitskii 2008) . Thus, the above existence conditions for the solitary wave are met properly. Here, the strong non-linear coupling results in velocity modulation. Accordingly, the non-linear dispersion law obtained analytically without any approximation is (Krasovitskii 2008, §5.6) where n(ω) depends on E m which is the maximum field amplitude of the soliton, E. The electromagnetic non-linearity is proportional to |n 2 − 1|. In a more explicit way, we can rewrite the above expression for the dispersion diagram (see Figure 2 ) for magnetized plasma with suppressed cyclotron resonance as:
where n 0 = ck/ω. Here, the compression/focusing effect of the nonlinear dispersion, ∝ ω −6 implies a very narrow frequency bandwidth. For a resonant soliton with appropriate existence conditions, the solutions obtained (Krasovitskii 2008 ) analytically for the group and phase velocities, and the breather-type soliton are as follows:
where E m = Nd 0 E m is the amplitude of the non-linear electric field E = Nd 0 Re(E) exp(iωt − ikz), for envelope soliton. We emphasise that for solving the non-linear governing equations given in Equation 7 and Equation 8 we did not make any approximations or linearisations.
Assuming the presence of highly nonlinear cyclotron resonance and almost saturated electric field such that |ω − ω B | ω B , we can obtain the refraction index obeying the cyclotron resonance conditions (Krasovitskii 2008, §5.4 ) for the nonlinear system equations as follows
where ω B is cyclotron frequency. Here, ω B can be set within the interval of 2 − 200 GHz (Lyutikov 2007 ) depending on relativistic mass, e.g. typical range of the Lorentz factor, γ = 5 − 500 for midenergetic electrons in pulsar magnetosphere (Cerutti et al. 2015) . 
DISCUSSION
In this work, we proposed a novel mechanism based on non-linear two-level system (Krasovitskii 2008) to address FRB phenomena. The model relies on the non-linear plasma processes near the light cylinder of a rotationally powered neutron star. The model can address the measured cosmological distances by showing that the emission would be significantly beamed. Our principal result is that an astrophysical maser production mechanism feeds the klystronlike amplification of coherent emission. This is characterised by "self-excitation", "self-focusing" and the highly coupled non-linear nature of the plasma medium. To produce a stable maser, the stimulated emission should be dominant over the excitation/absorption phenomena. For the relativistic bunches, the bounce-time for the trapped-particles, ∝ ω −1 b , increases with the relativistic mass (see equation Equation 5 and § 2.2). Thus, a higher rate of beam-towave energy transfer is achieved with increased efficiency. Hence, the prevailing stimulated emission is succeeded.
The Buneman instability produces strong electron acceleration in highly magnetised plasma where a broad range of velocity distribution is provided. The quench time (including the growth and the saturation regimes) of the Buneman instability can be approximated as t q ≈ 40π/ω p where ω p is the electron plasma frequency (Dieckmann et al. 2000) . The length of the caviton induced by the relativistic beam can be estimated as approximately 15λ d where λ d is the electron Debye length of the plasma (Vieyro et al. 2017) . The parameters of ambient plasma around the current sheet (partially based on the parameters given in Zhang (2018) ) are summarised in Table 1 .
The variation of the caviton length with respect to change in the particle velocity from relativistic speed to v e in Equation 6 is in the range of 0.093 cm to 31 cm comparable to the numeric results in Dieckmann et al. (2000) . This spatial range corresponds to time interval of 3 ps to 1 ns as the caviton passage time (≈ t q ). In the neighbourhood of the current sheets, the plasma frequency ω p is approximately in the tens to hundreds of gigahertz range which matches with the time interval in the preceding paragraph (Zhang 2018 ). On the other hand, the growth rate of the instability is ∝ t −2 q assisted by the self-excitation for sufficiently small time cycles (Galeev et al. 1981) . Thus, a very short caviton passage time can be enough to produce excessive potentials observed in the ns shots of SGPs and probably existing in FRBs. To our knowledge, this is the first time the stimulated emission is associated with the Buneman instability and the relevance of these mechanisms for FRBs is discussed. The main novelty of this research, the breather-type solitons and nonlinear two-level system (see § 2.3) are explained in the context of the stimulated emission to provide coherent radiation.
In the meantime, the sensitivity to changes in wave frequency of the non-linear dispersion and the envelope soliton for electric field and polarization is very low compared with others; thus only the matching condition is required. Hence, the broadband frequency spectrum can be covered as long as they are matched by the self-excitation mechanism. The local oscillations of the breathertype soliton are usually characterized by short time duration, as short as a few cycles, residing in the traveling wave (Leblond 2019) . The observed narrower pulse width of the emission corresponds to smaller beam opening angles (Zhang 2018) . By considering the relatively short time window (∼ 1 ns) of FRBs, the opening angle of the narrow cone for coherent emission or angle of aperture, θ, could have a maximum value of θ max = 2 • , calculated as the one-tenth of the average pulsar inclination angle (Zhang 2018) where θ θ max /10 6 radian due to very short-duration breathertype solitons complying with the numerical results (Asseo et al. 1980; Zhang 2018) . In the relativistic environment, a highly focused beam can have a much narrower tubular form with slanted emission direction (Dyks 2017 ) that emphasises the "rare" probability to match the line of sight. Relativistic particle velocities and higher frequency waves produce much smaller beam-width similar to narrower pulse effect (Melrose & Yuen 2016; Lorimer & Kramer 2012; Zhang 2018) . Consequently, the velocity modulation or self-modulation at the boundary of the light cylinder close to current sheets, forms electron bunches that pass through a cavity-like resonator. These relativistic bunches are then accelerated/amplified by klystron-like structures with the evolution of "rare" matched conditions, e.g. "self-excitation" of the natural resonance modes. Thus, robust microwave emission in wild ambient plasma can pass through the outer space as strongly focused in a very narrow conic region.
If our model is correct we can predict novel multi-beam geometry inspired by the helix beam suggested by Dyks (2017) . To represent the breather-type solitons of the helical vibrations/oscillations, we can propose a multi-beam model such that they originate from a very narrow tubular source. Furthermore, this model will help to match the discontinuities/anomalies in the observations such as drifting, nulling or double notch (profile moding) due to the single pulse assumption (Dyks 2017; Basu et al. 2019 ).
APPENDIX A: COUPLING BETWEEN THE LINEAR APPROXIMATION AND THE NON-LINEAR POPULATION DYNAMICS
Here we want to show how the approximation of the Gaussian probability distribution for the trapped fraction in Equation 6 n tr n e = 1 √ 2 π vp+vtr vp−vtr e −v 2 /v 2 e dv , is equavalent to the differences of tangent hyperbolic functions n tr n e ≈ K 1 tanh(v p + v tr ) − tanh(v p − v tr )
where K 1 is a constant, as used in literature. In Equation 9 the magnitude of the polarisation vector P can be approximated by its nonlinear part (main envelope soliton)
where x ≡ (d 0 E m /2 ) t − z/v g is the argument (field-dependent) for polarization and K 2 is a constant. When this approximation is substituted in Equation 9, we obtain W ≈ K 2 tanh 2 (x).
We thus show the same envelope shape is valid for both the linear and non-linear part as the tangent hyperbolic function of fielddependent variables. This is sufficient for the proof of the approximation we used in population inversion dynamics in Equation 6 and Equation 9.
